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J Y, . .
saumaasnniu (Inverse Kinematics)

2-Dimensional (Planar) Robotic Arms

» Given pose of the end-effector £z what are the required joint

coordinates?
q=K ! (&)

» Inverse kinematics does not have a unique solution, a particular
end-effector pose can be achieved by more than one joint
configuration.

» Two approaches can be used to determine the inverse kinematics :

1. Closed-form or analytic solution

2. Iterative numerical solution



Inverse Kinematics




Finding the joint angles
y éE == (xay)
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= Apply Pythagoras



Finding the joint angles

éE — (xay)

= Apply the cosine rule
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Recap: the cosine rule

Sides: A, B, C
Angles: a, b, c
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A%? = B* +C* —2BCcosa

Finding the joint angles ,
Y S el
: E = \X,)

> X
= Apply the cosine rule



Finding the joint angles
y o Se=(x,y)

\axsing; :
sing> = \/ I —cosg;
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= Apply simple trigonometry



Finding the joint angles
y éE = (x,y)

a» sing»

axCosq»

azsing»

B =tan™!
ay +azcosqr

F > X
= Apply simple trigonometry



Finding the joint angles

_1  @sing>
iy = tan
y & =(xy) B a1 +arcos g
=1y
=tan -
Y %
Q=Y
¢ = tan 12 —tan™! a25ing>
X a) +acosqr




Tool tip pose




Tool tip pose




Tool tip pose
y :
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Tool tip pose
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Two solutions

_1  axsing>

=1 1 @sing =pX
5 5 a) +axcosqr X a) +axcosqr




Tool tip pose

(x,)

E= R(q1) Ti(a1) R(q2) Ti(a2)

sin(q; +4q2) cos(q)+q2) axsinlg, +q2) +a sing,
0 0 1

(x) = (azcos (g1 +q2) +a COSQI)
y azsin(q) +q2) + a; sing

(cos(ql +q2) —sin(qy+q2) aacos(q) +q2) +a)cos ql)
E=




Finding the joint angles

X =acos(q) +q2) +a) cosq)
y = azsin(q) +¢q2) +a; sing)

x> -I—y2 == a% +a§ +2aya>cosqs
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COS¢r =

= Square and add



Finding the joint angles

 SE
B —(x)

‘, x=azcos(q) +q2) +a;cosq

y=assin(q; + q2) + a; sing,

x = (a; +axC3) cosq) — azS> sing
y = (a) + a2C>) sing) + a2S$> cos g

= Apply sum of angles identities
= Substitute cosgz — C2,8Ingr — S



Finding the joint angles

X = (a| + axC) cosq) — az$> sing,
y = (a) +axC3)sing| +a28> cos q

= |t is known that

racosO +bsin@ = ¢
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6 =tan




Finding the joint angles

_ Sk = :
G, y= (al +02C2) sing) + a»S> cosq)

. " acosB +bsinf = ¢ k&
c c a
6 = tan " —tan~ ! =
+va? + b* — 2 b
a=a$2.b=a+aCr,c=y
: S
- —tan”! S
ay + axCs

as + a3 +2a,a;C; — y?




Finding the joint angles
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x? +y2 = a% +a§ +2aya;cosqa




2-Dimensional (Planar) Robotic Arms

» Closed-form or analytic solution

import sympy

al, a2 = sympv.symbocls ("al a2"™)

e = ET2.R() * ET2.tx(al) * ET2.R{) * ET2.tx(a2);
gl, gl = sympy.symbols ("gl gl™)

TE = e.fkine([qgl, gll)

x fk, v fk = TE.t;

X, ¥ = sympv.symbols ("x v")

egl = (x fk**2 + v fk**2 - x**2 - y**2).trigsimp()

gl sol = sympy.solve(egl, gl)

egl = tuple(map (sympy.expand trig, [ fk - X, ¥ Tk - ¥]))

gl_sol = sympy.solve(egl, [sympy.sin(gl), sympy.cos(gl)]):

!.I

Fig.8.1.
Two-link robot showing the

> X end-effector position pr = (x, ¥}
and the Cartesian velocity vector
w=dp /dr



2-Dimensional (Planar) Robotic Arms

» Iterative numerical solution : adjust the joint coordinates until the forward

kinematics matches the desired pose.
» An optimization problem : minimize the error between the forward kinematic

solution and the desired end-effector pose CE q v =ar g mqin 1K(q) © & 2 |

» Define an error function based on the end-effector position error, not its orientation.

E(@q) = [I[X(@)], = (x*. y)'|

e = ET2.R() ¥ ET2.tx(1) * ET2.R() * ET2.tx(1l);
pstar = np.array([0.6, ©.7]):; # desired position

E = lambda g: np.linalg.norm(e.fkine(q).t - pstar):
sol = optimize.minimize(E, [0, C]):

sol.x

e.fkine(sol.x).printline()




3-Dimensional Robotic Arms

» Closed-form inverse kinematics using the Denavit-Hartenberg model for
the Puma robot.
» Puma 560 is a 6-axis robot arm with a spherical wrist we use the method ikine6s

to compute the inverse kinematics using a closed-form solution

mdl_puma>60
qn - L aat——_| ' 051

T = p560 fkine(qn)

qi = p360_1kine6s(T) % why qi not equal to qn = . -'.-;_ 3
p560 flane(q1) T | x o ... =
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